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Traditionally, the mechanical design of robots has been viewed as a

problem of packaging motors and electronics into a reasonable structure.  This

process usually transpires with heavy reliance on experience.  Not surprisingly,

the traditional design process contains no formally defined rules for achieving

best results, and little quantitative feedback in the formative stages.  This work

primarily focuses on formalizing manipulator design rules.  These rules are

formulated in terms of objective mathematical tools.

This work begins with the investigation of various mathematical

abstractions describing rigid bodies and their associated displacements.  In light of

these mathematical abstractions, the study of various lumped parameter modeling

techniques leads to the utilization of a uniform modeling approach.  A unified

modeling architecture provides the power needed for identification of common
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algebraic structures.  Normalization of these common objects is then investigated

in great detail.  Use of norms allows for the development of objective design and

analysis algorithms.  From these algorithms, and a few fundamental physical

properties, methodologies are devised.  These methodologies serve the function of

generating and analyzing distributions of mechanical properties

(accuracy/precision, load capacity, mass, actuator torque, general load

requirements, and compliance).

The developments of this work provide an open and objective design and

analysis framework for any all-revolute serial chain.  This framework may be

applied at any stage in the design process.  All algorithms may be customized to

specific applications, or used in their natural form.  Moreover, metrics are

objective and scale-independent.  A seven degree-of-freedom all-revolute serial

manipulator is used for illustration of design and analysis processes.
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CHAPTER 1

Introduction

1.1  OVERVIEW

Traditionally, the mechanical design of robots has been viewed as a

problem of packaging motors and electronics into a reasonable structure.  This

process usually transpires with heavy reliance on experience.  Not surprisingly,

the traditional design process contains no formally defined rules for achieving

best results, and little quantitative feedback in the formative stages.  This work

primarily focuses on formalizing manipulator design rules.  Such an effort should

apply to a broad class of manipulators, allow for application specific tuning, and

be usable by a non-expert designer.  Concerning the first aspect, this effort will be

limited to N-DOF all-revolute serial manipulators.

The primary products of this effort are algorithms for determining system-

level sensor accuracy, actuator capacity, mass, and joint compliance distributions.

The secondary products are mathematical tools for parameter reduction through

normalization of geometry.  Note, however, that the primary products cannot be

achieved without the secondary products.

1.2  MOTIVATION

The motivation for this work is primarily due to the experience gained by

the author during the design of a 7-DOF (Degree-of-Freedom) manipulator

system.  This manipulator was sponsored by the Advanced Research Projects
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Agency (ARPA) and named ALPHA (Advanced Lightweight Prototype High-

performance Arm).  Occasionally, ALPHA is referred to as the High Accuracy

Manipulator.  ALPHA is a high payload/weight, modular, and extremely accurate

all-revolute 7-DOF serial manipulator.  (See Appendix B and (Marrs, 1997) for

further details.)

The ALPHA team was given the task of designing this manipulator

completely from scratch.  After determining the basic kinematic geometry and

defining performance requirements, the gargantuan tasks of choosing components

(motors, transmissions, sensors, bearings, etc.), designing the mechanical

structures, integrating mechanical and electrical components, and budgeting

mechanical properties (accuracy, load capacity, compliance, etc.) still remained.

The process of determining component requirements alone required complex

design and analysis iterations which quickly devoured a sizeable portion of the

timeline.  Had component requirements and objective mechanical properties

budgets been quickly established, the design timeline could have been drastically

shortened.

Thus, the driving factor behind this work lies in the desire to establish

objective manipulator design guidelines based upon geometry and performance

requirements.  It is important that these guidelines be conceptually simple.

Simple rules not only greatly increase the probability of use, but they also

facilitate creativity.



3

1.3  PROBLEM

Robot design typically begins with the selection of a kinematic

framework.  This kinematic design is usually performed to meet certain geometric

goals such as workspace, dexterity, or singularity avoidance.  The area of

kinematic design has been of interest for decades and is rapidly reaching maturity.

A robot’s kinematic design, or geometry, is usually described using Denavit-

Hartenberg (D-H) parameters (Hartenberg and Denavit, 1964) or as a set of

coordinate-free twists. (§2.5 and §3.1).  (Unless otherwise noted, the D-H

convention of (Craig, 1986) will be used.)  In either description, there are three

fixed parameters and one joint variable associated with each degree of freedom.

If one now introduces a small measure of reality into the kinematics, joint limits

(upper and lower) can also be considered fixed parameters.

With geometry established, the design process then focuses on how to

assign mass and motion control components to form the manipulator’s structure.

These components must realize the geometric framework while simultaneously

satisfying performance requirements (payload, speed, accuracy, deflection, etc.).

Viewing the fundamental mechanical design problem from a strictly mathematical

perspective, there are three actuator parameters (stiffness, load capacity, and

power), one accuracy variable (joint position/velocity sensor), 10 mass properties

(3x3 symmetric inertia matrix (6), center of mass vector (3), and mass (1)), and 21

elastic properties (6x6 symmetric compliance matrix) for each DOF.  Thus, the

designer is left with the issue of how to best assign and distribute these remaining
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35N  parameters to the manipulator geometry.  (Note that this list is not

exhaustive, one could add more parameters if desired.)

Unfortunately, the relationship between manipulator performance, the

geometric parameters (including joint variables), and the design parameters is

highly coupled and very non-linear.  (See Chapter 3 and Appendix A.)  The

situation is confounded with the realization that the notion of an optimal

manipulator design is unclear.  In the most general sense, one could claim that a

manipulator design is optimal if and only if it produces the best average

performance metric over the entire workspace of the manipulator.  That is, a

robot, Rι , is optimal

(1.1) iff  m R m R R Rj jΩ Ωι( ) ≥ ( )∀ ∈ , where

(1.2)
  
R P c M C N

ι φ φ φ τ φ, ˙, ˙̇ , , , , , ,∆ { } { }( ) ⊂ Ñ35 , and

m is some metric,   m R: → Ñ .  Note that for reasonable results the space of all

robots, R, must be subject to design constraints.  One could tune the above

definition by using a metric composed of weighted combinations of other metrics

or by adding a weighting factor to the workspace.  Vagueness in description of

optimality arises from the fact that the above effort becomes too complex to

perform analytically and that there are too many variables to attempt direct search

methods.  There are also many performance metrics, and the choice of a metric

that can even be called appropriate is anything but clear (Park, 1995b).

In most cases, robot designers are satisfied by obtaining any solution

which meets reasonable performance specifications.  Indeed, this task alone is

daunting.  Typically, complex and cumbersome analysis processes (Hill and
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Tesar, 1996) are used iteratively for both generating local requirements and

verifying design choices.  Unfortunately, many iterative methodologies are

tethered to the need for dynamic evaluation over specific trajectories.  Such a

process leads the engineer into designing a robot for requirements generated by a

finite number of proposed validation trajectories.  This does not seem to be an

acceptable design approach for machines that are considered tools for general

flexible automation.

In summary, the problems of interest here are determination of the best

distributions of system accuracy, actuator load capacity, mass, and elasticity for

given performance goals.  With respect to the above, what performance metrics

can be used?  How can this be undertaken without using brute-force iteration over

the 35N-dimensional design space?

1.4  SCOPE

The main focus of this effort is the generation of algorithms for

determining system-level distributions of position sensor accuracy, actuator load

capacity, mass, and principle compliance distributions.  Considering the

discussion of §1.3, this effort must involve some development of mathematical

tools for parameter reduction.

The developed framework will not produce an absolute globally optimal

distribution of all design parameters.  The resulting design distributions could best

be termed sub-optimal, as they will be based primarily upon normalized

(maximum and RMS) geometric properties and a reduced set of design variables.

However, the resulting distributions will guarantee a given level of performance,
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and can thus be called conservative.  Manipulator design will be approached from

the point of view of an engineer in need of creating a semi-generic serial

manipulator.  The term semi-generic is used only to imply that the manipulator is

not task specific.  (Not to be confused with application specific.)  This philosophy

is reflected in both distribution evaluation and in parameter reduction.  As a

whole, this effort will allow engineers with little manipulator design experience to

utilize formally developed design goals and quantitative component requirements.

1.5  LIMITING ASSUMPTIONS

For the entire effort, the kinematic geometry of the manipulator will be

considered invariant.  As discussed previously, the field of pure kinematic

synthesis of serial manipulators is now relatively mature.  (Park, 1991, 1995) also

suggests that simultaneous optimization of kinematics and dynamics results in the

need to choose a combined metric.  This choice is unclear, and would, at best, be

third-order.  Thus, it will be assumed that the kinematic parameters (including

joint limits) have been intelligently chosen for the manipulator’s general

application (e.g. light duty machining, pick and place, etc.).

Furthermore, no path dependencies are considered.  The underlying goal is

the design of manipulators for a generic range of abilities, not any specific task.

Thus, if one contrives a task for this manipulator, and all variable values for this

task fall within the design range, then the manipulator will have the ability to

perform that task.  This gives the manipulator sufficient design generality to truly

be termed flexible automation.
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Distribution algorithms will require foreknowledge of the limiting values

(maximums and RMS) and probability density functions of joint space velocities

and accelerations.  Only joint position sensors, actuator load capacities, link

masses, and rotational joint compliances will be considered as design variables for

distribution issues.

A subtle, but very important, assumption is the use of only lumped

parameter models.  This assumption implies that the frequency of manipulator

loading is well below the fundamental frequency of the manipulator (Behi, 1985).

As discussed by (Hudgens and Tesar, 1992), this statement is a very reasonable

assumption for realistic industrial manipulators.  Distributed parameter models

require some foreknowledge of geometry and mass content (Sunada and

Dubowsky, 1981, 1983).  Even after reducing the inherently large parameters of

distributed models (e.g. Component Mode Synthesis, (Sunada and Dubowsky,

1983)), evaluation is numerical and computationally very expensive.

For simplicity, only revolute joints will be modeled.  Generalization for

prismatic and general screw-type joints will be the subject of future work.

1.6  READER'S GUIDE

This section is presented as a service to facilitate efficient use of the

reader's time.  It is hoped that this guide will also allow quick location of pertinent

information.

Chapter 1:  This chapter provides an abstract, presents the problem at

hand, and defines the scope and limiting assumptions.  Chapter 1 also serves the
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important function of familiarizing the reader with the most fundamental aspects

of this effort.

Chapters 2 and 3:  A succinct background for the foundational

mathematics and modeling used for all future developments.  Readers familiar

with Euclidean groups, screw theory, Lie groups, and associated modeling may

skip these chapters without hesitation.  Readers interested in application of the

developed algorithms may wish to consider these chapters as reference material,

and skip them during the initial reading.

Chapter 4:  A review of relevant literature is presented.  There exists only

a small amount of research similar to what is found in this effort.  However, the

literature does serve to outline general research trends in the area of serial

manipulator design.  Readers interested primarily in application may also wish to

skip this chapter.

Chapter 5:  This chapter is important for all readers.  It is here that the

design methodology begins to crystallize.  Understanding of the philosophy

behind the design methodology is essential if the algorithms are to be used.

Chapter 6:  The significance and explanation of geometric normalization

algorithms is presented.  Analytical development of the root-mean-square norms

is thoroughly investigated.  Additionally, a numerical technique for finding

maximum norms is explained.  The reader interested in fundamentally

understanding the complexity of determining the necessary norms, and the

associated parameter reductions which they reflect should study this chapter.

Readers interested in applying normalization tools to kinematic equations should
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also study chapter 6.  If one is only interested in the final results, browsing of this

chapter is suggested.

Chapters 7-9:  Results and applications are contained in these chapters.

The developments and theory in these chapters build upon one another

successively.  That is, chapter 9 uses theory and applications from chapters 7 and

8.  Therefore, it is recommended that these chapters be read in the suggested

order.  In an effort to clarify approach and theory, these chapters contain

development and only limited examples.

Chapter 10:  This chapter contains an overall manipulator design

methodology, suggestions for further research, and a summary.

Appendices A and B:  Appendix A briefly presents other modeling

formalisms referenced from within the work.  Appendix B contains manipulator

data and descriptions used in the examples.  Appendices A and B are included for

reference and completeness.
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CHAPTER 2

Mathematical Overview

This chapter is intended to give the reader a cursory introduction to some

of the various mathematics encountered in the modeling and analysis of robotic

manipulators.  It is useful to restate that this investigation is concerned with open

chain serial manipulators.  Here, the links of manipulators are treated as rigid

bodies interconnected via one degree-of-freedom joints.  (One degree-of-freedom

joints include pure rotational, pure translational, and screw type joints.)  For

additional mathematical background, one should consult the referenced works.

2.1  PHYSICAL SPACE

Physical space can be thought of as an orientable three-dimensional

manifold, typically denoted 
  Ñ3 , E(3), or simply E.  One normally chooses a

preferred orientation of this manifold.  There are a family, M, of metrics,

  m E m M: → ∈Ñ ( ), on this space.  The most familiar metric is that of Euclid.

This metric physically represents distance.  Note that there is no intrinsic length

scale in E.  Rigid bodies in E can be thought of as sub-manifolds of E.  Any

transformation (or mapping) of rigid bodies in E must preserve internal metrics

(distances) and orientations within the sub-manifolds.  Thus, displacements of

rigid bodies, T, in E consist of all orientation preserving isometric (congruence)

maps from E into itself, T E E: →  (Loncaric, 1985).

The location (more precisely, the relative location) of a rigid body in space

requires a minimum of six parameters.  Traditionally, three parameters describe
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the position of some prescribed location in the rigid body relative to a reference

location, and three parameters describe the orientation of the rigid body relative to

some reference orientation.  One typically chooses a convenient global reference

frame, G, and describes the relative location of the prescribed reference frame of

the rigid body with respect to G.  The orientation of the rigid body is traditionally

described by the orientation of a reference line in the rigid body relative to the

canonical axes of G.

2.2  EUCLIDEAN GROUPS

The set of all orientation preserving isometric maps, T , of E is denoted

SE(3) (the special Euclidean group of three dimensions), and physically represents

the set of all possible transformations of rigid bodies in E.  Rigid body motions

and displacements will henceforth be termed rigid motions and displacements.

The most straightforward understanding of rigid displacements is by treating them

as compositions of a translation and a rotation.  General translations are elements

of T(3), a three-dimensional commutative sub-group of SE(3) in E.  Right-handed

rotations are elements of SO(3), the non-commutative special orthogonal sub-

group of SE(3).  (3x3 rotation matrices and quaternions are examples of elements

of SO(3).)  So, for any T SE∈ ( )3 , there exists a Θ ∈SO( )3 , and x T∈ ( )3 , such

that T x= 





Θ
0 1 .  Representation of T as the illustrated 4x4 matrix is typically

known as the homogenous transformation.  However, as will be explained later, it

is not always convenient, or more representative of the underlying physics, to

treat displacements with the basic configuration.
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Note that SO(3) has both a metric and an intrinsic length scale, while T(3)

has a metric, but no intrinsic length scale.  Thus one wonders about the possibility

of a natural metric in SE(3).  (Loncaric, 1985) proves that, in fact, there is no

natural positive definite bi-invariant metric on SE(3).  See also (Park, 1995a).

There are left- and right-invariant metrics, but they are all parameterized by

choice of length scale.  When forced, one can choose a ‘best’ length scale, which

is highly dependent upon the specifics of the application (Park, 1995a) (Martinez

and Duffy, 1995).

Note that the set of all linear transformations of order n is denoted GL n( ).

T 3( )  and SO 3( )  are proper subgroups of GL 3( ) , while SE 3( ) is a proper

subgroup of GL GL6 3 3( ) = +( ).  Also of note, since rigid transformations require

six parameters, some authors mistakenly suggest that rigid transformations are

elements of   Ñ6 .  However,   Ñ6  has a positive definite bi-invariant metric

(parameterized by choice of length scale), while SE(3) does not.  This is a subtle,

yet important, clarification for topology and theory (Park, 1995a).

2.3  SCREW THEORY

Screws, as geometric constructs, are essentially line-bound vectors with an

associated pitch.  The screw is located by a vector describing the direction of its

axis, and a point on the axis.  Visualization is achieved by making the direct

analogy between a physical bolt and nut.  The rigid body is the nut which both

rotates and translates with application of a rotational motion about the screw axis.

Thus, the translation is coupled to the rotation through the pitch of the bolt

(screw).  When describing rigid motions via twists about screws, the axis of the
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screw is not required to intersect the physical extents of the rigid body.

Mathematical screws were given definitive physical meaning by (Ball, 1900).

Ball recognized Chasles’ work with line-bound vectors as a developmental

foundation.  (Dimentberg, 1965), (Hunt, 1978), and (Lipkin and Duffy, 1982)

were among the first to apply screw theory to serial chains.

A screw has only 1-DOF.  Yet, one can find a screw to describe any

displacement of a rigid body from one position to another.  This notion is just a

restatement of Euler’s fundamental theorem.  By choosing a set (basis) of six

independent reference screws, any displacement can be described as a

combination of twists about the basis screws.  Screws with zero pitch correspond

to pure rotational joints (rotation about any single axis), and therefore belong to

the special orthogonal group of order 2, SO(2).  General screws, those with non-

zero finite pitch, belong to the covering group of SO(2), denoted SO( )2 .  Screws

with infinite pitch are pure translations, and thus are members of the translation

group of order 1, T(1).  S O(2), SO( )2 , and T(1) are the only 1-DOF proper

subgroups of SE(3).  See (Loncaric, 1985) for more detail.

It is most convenient to express screws as a one-dimensional six-

component tensor.  This tensor can be treated as Plücker line coordinates, or as a

set of two three-component vectors (motor algebra).  These two representations

are isomorphic, so convenience and understanding will dictate usage.  What

follows is primarily based upon motor algebra.

In ray coordinates, a screw is expressed as $ ,= ( )s sT T T

0  where s is the

rotational component, and s0 is the translational component.  For convenience, a

screw can be denoted $ ,= ( )s s0  and will be understood to be a 6x1 column vector
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given by the two 3x1 components.  The rotational component, s, is the axis of the

screw expressed in a fixed coordinate frame.  The translational component,

s s q hs0 = × + , is the sum of the translation induced by the rotation about the

screw axis and the translation parallel to the screw axis.  Axis coordinates simply

switch the positions of the rotational and translational components within the

screw, $ ,= ( )s s0 .  It is assumed that all screws will be expressed in ray

coordinates.  A screw can also be designated by its rotational axis, pitch, and a

point on the axis, $ , ,= ( )s h q , respectively.

The general velocity of a rigid body is the product of an angular velocity

about some screw axis with that screw.  A general small displacement can be

modeled as the scalar product of an angular displacement about the same screw

axis with that screw, e.g.

(2.1) ˙ $ ˙x = φ , so ∆ ∆x ≅ $ φ

A velocity (or small displacement) expressed in screw space is called a twist.  A

twist is generally represented as ξ φ ω= = ( )$ ˙ ,v  where ω and v are, respectively,

the rotational and translational velocities, or the small rotational and translational

displacements (sometimes γ and δ are substituted for ω and v).  As shown by

(Sugimoto and Duffy, 1982), linear algebra can be applied to screws, and (by

treating screws as 6 element vectors) linearly independent bases of screws can be

formed in the normal manner.

A load in screw space is termed a wrench, and is expressed as w F N= ( ),

where F is the force vector, and N is the torque vector.  A wrench is the product of
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a force magnitude and a screw.  The work caused by a wrench producing a twist,

ξ , about a screw is F N⋅ + ⋅δ γ  which can be expressed as

(2.2) U wT= [ ]ξ ∆ .  Where

(2.3) ∆[ ] = 0 I
I 0







is a permutation operator which interchanges the positions of the first and second

3-vectors of the 6x1 array (I is a 3x3 identity matrix, and 0 is the 3x3 zero

matrix.).  The permutation operator is equal to both its transpose and its inverse.

If the force vector of the wrench is orthogonal to the translation vector of the

twist, and the torque vector of the wrench is orthogonal to the rotation vector of

the twist, then the wrench can produce no work about the screw which defines the

twist.  This special condition defines reciprocity.  Screws can be called reciprocal

if

(2.4) $ $a
T

b∆[ ] = 0 .

The reciprocal product between two screws (or twists, wrenches), $ $a
T

b∆[ ] , is

given the shorthand notation   $ $a bo .  Note that reciprocity is not orthogonality,

and that orthogonality in the normal sense is not a natural, or defined, condition

for screws (Duffy, 1990).  Considering the topology of SE(3) and its lack of a bi-

invariant metric, this is not surprising.

Given a coordinate frame of interest and a twist (or screw) ξ ω= ( ),v , the

axis vector, s , the pitch, h , the location of the minimal point on the axis (distance

from the origin), q, for the associated unit screw can be determined.  Screws with
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normalized rotational components are termed unit screws.  The rotational axis is

found by simply normalizing the rotational component of the twist (screw),

(2.5) s =
≠

=







ω
ω

ω

ω

if 

if 

0

0 0
.

The pitch is found by

(2.6) h
v

=
⋅ ≠

∞ =







ω
ω

ω

ω
2 0

0

if 

if 
,

where units are length/rotation.  (Note that the choice of length scale directly

changes the pitch.)  Using the previously determined rotational axis and pitch,

(2.7) q
s

v
hs

v

= × −






≠

=






ω

ω

ω

if 

if 

0

0

.

2.4  SPATIAL VECTORS

(Featherstone, 1987) coined the term spatial vectors.  He defines them as

members of a six-dimensional vector space over the field of real numbers.  The

first three elements of his six-component spatial vectors represent projections onto

a basis of unit line-bound vectors, ˆ ˆ , ˆe e e1 2 3,   , along the Cartesian x, y, and z axes,

respectively.  The last three elements represent projections onto the basis,

ˆ ˆ , ˆe e e4 5 6,   , of unit free vectors parallel to the Cartesian x, y, and z axes.  Typically,

spatial vectors are written with a carat, ‘^’.  A 6x1 vector, s, would be written as

ŝ  to denote it as a spatial vector.

Spatial vectors and their algebra are very similar to screws and screw

algebra.  In fact, there is a one-to-one correspondence between infinitesimal twist
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velocities and spatial velocities, and between wrenches and spatial forces.  Where

it is necessary, clarification will be made between the differences of screw and

spatial representation.  See (Griffis, 1988).

Featherstone introduced special notation for some spatial vector

operations.  For the spatial inner product, ⋅̂  is used.  This is equivalent to the

reciprocal product of screw theory.

(2.8)   ̂ ˆ ˆ ˆ ˆ ˆ ˆs s s s s st
1 2 1 2 1 2⋅ = [ ] =∆ o

The spatial transpose, ‘s’, is simply the product of a spatial vector and the

permutation matrix,

(2.9) s ss = [ ]∆  .

For a spatial matrix,

(2.10) T̂ A B
C D= 





 , T̂ D B
C A

Ts
T T

T T
T= 





= [ ] [ ]( )∆ ∆ ,

where the 6x6 matrices have been expressed with 3x3 quadrants.  The spatial

cross product operator is denoted ‘ ×̂ ’.  For a spatial vector ˆ ,s s s= ( )0 ,

(2.11) ˆ ˆs s
s s× = ×

× ×






0
0

where ‘ s × ’ denotes the vector cross product operator (skew symmetric generator)

for a 3x1 vector,

(2.12) s
s s

s s
s s

× =
−

−
−













0
0

0

3 2

3 1

2 1

.

Note that velocities and forces as spatial vectors are represented similarly to that

of screw theory, ˆ ,v v= ( )ω  and ˆ ,f F N= ( ) .
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2.5  LIE GROUPS, LIE ALGEBRAS, AND EXPONENTIAL MAPS

A group, P, with the smooth group operations f g fg,( ) →  and f f→ −1

( f g P, ∈ ) which also has the characteristics of a differentiable manifold, is a Lie

group.  A mapping is continuously smooth if all partial derivatives of any order of

the map both exist and are continuous.  T(3) is an abelian Lie group under vector

addition, while SO(3) and SE(3) are Lie groups under matrix multiplication.  For

complete descriptions of Lie groups and differentiable manifolds, see (Chevalley,

1946), (Boothby, 1975), or (Spivak, 1979).

The representation of SE(3) as the set of homogenous transformation

matrices defines SE(3) as a matrix Lie group.  SE(3) has an associated Lie algebra,

se(3), which has the matrix representation

(2.13)

  

se
w v

w w w vT( ) : ; ,3
0 0

0 3=
[ ]







 [ ] + [ ] = ∀ ∈












Ñ  where

(2.14) w
w w

w w
w w

[ ] =
−

−
−













0
0

0

3 2

3 1

2 1

 is the skew symmetric matrix

generated by w.  Adopting the convention of (Park, 1991), elements of SE(3) and

se(3) are denoted as the pairs Φ, x( ) and w v,( ) respectively.  SE(3) and se(3) are

connected via the exponential map from se(3) onto SE(3).  The exponential map is

explained below.

Consider, for example, a rigid body rotating about some axis in space.

Denote the axis of rotation by its free unit vector, w, and a point on the axis, q.

The location of a point of interest on the rigid body, p, is a function of time, p t( ) .

The velocity of p, assuming unit angular velocity, is
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(2.15) ˙( ) ( )p t p t q= × −( )ω .

Careful examination of the above equation reveals that it can be expressed in

matrix form as (Murray, et al., 1994)

(2.16) ˙( ) ( )p t
v

p t=
[ ]









ω
0 0

 where

(2.17) p t
p

( ) = 



1

 and ˙( )
˙

p t
p

= 



1

.

Let ξ
ω

=
[ ]









v

0 0
 (Clearly ξ ∈se( )3 .).  The equation simply reduces to ṗ p= ξ .

The solution to this differential equation is

(2.18) p t e pt( ) ( )= ξ 0 ,

where e tξ  is the matrix exponential of ξt ,

(2.19) e I t
t ttξ ξ ξ ξ= + + + +( )

!

( )

!
...

2 3

2 3

There is a direct analytic form for the matrix exponential of elements of se(3).

This form is presented below as found in (Park and Bobrow, 1994).  For any

ξ ω= ∈( , ) ( )v se 3  and   φ ∈Ñ ,

(2.20) exp exp ( )ω φ ω φ[ ]









 = [ ]( )





∈v b SE0 0 0 1
3  where

(2.21) exp sin cosω φ φ ω φ ω[ ]( ) = + [ ] + −( )[ ]I 1 2  is an element of SO(3) and

(2.22)
  
b I v= + −( )[ ] + −( )[ ]( ) ∈φ φ ω φ φ ω1 2 3cos sin Ñ .

Since rotation is assumed to occur at unit velocity in the POE derivation,

the total amount of rotation is given by t.  Thus, the exponential function maps the
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initial location to the final location after rotating t radians.  For sake of clarity, one

may replace t  by φ in the exponential map.  Screw motions and pure translational

motions are mapped in an identical fashion.  (For pure translational motions, [ω]

is replaced with the zero matrix in ξ.)  The surjectivity of the exponential map

from se(3) onto SE(3) can be concisely restated,

(2.23)   ∀ ∈ ∃ ∈ ∈ =T SE se T e( ) ( ) :3 3   and ξ φ ξφÑ .

The relationship between the exponential map and traditional screw theory

is illustrated in the following.  Given ξ = ∈( , ) ( )w v se 3 , the axis, s, pitch, h, and

point on the axis, q, of the associated screw are given by

(2.24) s =
≠

=







ω
ω

ω

ω

if 

if 

0

0 0

(2.25) h
w v

w

T

 =  
if w

if w

2 0

0

≠

=





 ∞
    and

(2.26) q
w v

w
v

 =  
if w

if w

× ≠

=






2 0

0
.

(That is, the twist in Lie theory is treated just like a twist in screw theory.)  Given

a unit screw, $ , ,= ( )s h q , then the corresponding ξ ∈se( )3  (assuming unit

rotational magnitude, φ = 1) is given by

(2.27) ξ = 





0

0 0

s
 for h = ∞ , and

(2.28) ξ = [ ] − × +





s s q hs
0 0

 for h ≠ ∞ .
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For a more detailed discussion of the connections between screw theory and Lie

algebras, see (Samuel, et al., 1991).

2.6  DUALITY

Consider the condition for which a wrench, w F N= ( ), , (generalized

force) can produce no work about a twist, ξ φ ω= = ( )$ ˙ ,v , (generalized

velocity/small displacement),

(2.29) U w F NT= [ ] = ⋅ + ⋅ =ξ δ γ∆ 0.

Such a relationship leads one to the notion of duality, and that twists may be dual

to wrenches.  In fact, the space of wrenches is denoted se* 3( ) , and is the algebraic

dual of se 3( ) (Loncaric, 1985).  Considering screw theory and spatial vectors, the

permutation operator might be considered a map between the bases of twist and

wrench space.  Thus, this map may be likened to the Riesz map between se 3( )

and se* 3( ) .  A formal mathematical description will be the subject of future work.

In many cases, duality allows solution of velocity type problems to be

applied (with little effort) in the force (dual) domain.  Interestingly, the well

known series-parallel mechanism duality arises from the fundamental duality

between twist and wrench spaces (Waldron and Hunt, 1991).  That type of duality

allows direct application of velocity type problems for serial manipulators to force

type problems of fully parallel (all prismatic) mechanisms (Waldron and Hunt,

1991).
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CHAPTER 3

Modeling

This chapter serves primarily as a brief introduction to lumped parameter

manipulator modeling with Lie groups.  The goal of this chapter is also to

familiarize the reader with necessary concepts.  For a more comprehensive

investigation, the reader is directed to the authors referenced.  (See Appendix A

for other referenced methods of lumped parameter manipulator modeling.)

There are many different modeling formalisms for serial manipulators.  In

fact, there are even many different approaches depending on both the property of

interest, and the use of that property.  For example, if one was interested in

equations for the dynamic control of manipulators, one could use the Lagrangian

approach or the kinematic influence coefficient (KIC) approach, just to name two.

In this work, emphasis is focused on design of various mechanical properties for

manipulators.  Thus, it is natural to seek a modeling formalism which can

uniformly handle all design properties of interest.  Such a versatile manipulator

modeling formalism is found with the use of Lie groups and Lie algebras.

Furthermore, Lie formalisms are so fundamental that they can be used to analyze

and understand other modeling techniques.

3.1  FORWARD KINEMATICS

It is convenient to formalize the description of the joint variables.

Rotational joint variables are elements of the set   0 2, π[ ] ⊂ Ñ  while non-zero pitch

screw joint variables (including prismatics) belong to   Ñ .  Due to physical
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realities, the latter variables are actually members of a bounded subset of   Ñ .  The

joint space is the Cartesian product of the sets of joint variables.  Since the joint

variables specify the configuration of the kinematic chain in space, the term

configuration space is used interchangeably with joint space.  The dimension of

the configuration space is identical to the number of joints in the chain.  Φ will

denote the joint space.  A point in the joint space can be called a pose.

Determining the position and orientation of the last link in the kinematic chain

given a point in Φ is termed forward kinematics.

Consider two links, i and j, connected via a 1-DOF joint with variable φ.

There exists a j
i

j
i

jT SE T( )∈ ( ):3 φ  that describes the relative rigid displacement

between the coordinate frames of the links. (Bottema and Roth, 1979)  The

following discussions illustrate different representations of these transformations.

3.1.1  Homogenous Representation

As described previously, j
i j

i
j
i

T
x

=












Θ

0 1
, where j

i Θ  rotates vectors from

frame j to frame i, and j
i x  is the location of the origin of frame j with respect to

frame i.  A point,   p ∈Ñ3 , expressed in frame j, j p , can be given in frame i , i p ,

by

(3.1)
i

j
i

jp
T

p

1 1







=







,

where p is now expressed in homogenous form.  Therefore, if a vector, p, of

interest is given in the last link frame, n p , it can be expressed in the other frames

by multiplication of the homogenous transformation matrices:
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(3.2)   
j

n
j n

n
j

j
j

j
j

n
np T p T T T T j n I n= = ∈[ ] ⊂ >+ +

+ −    where   ,  : ,1 2
1 1 0 0L .

(Note that henceforth, all indices (i, j, k, l, m, n) will be considered non-negative

integers.  Also, context will dictate whether vectors are expressed in standard or

homogenous form.)  Extracting j
i Θ  from the j

iT  's yields the relative orientation

between the frames.  With respect to Denavit-Hartenberg parameters (using the

convention of (Craig, 1986)), j
i Θ  and j

i x  are

(3.3) j
i

i i

i i i i i

i i i i i

j
i

i

i i

i is s

x

a

d

c d

Θ =

−

−

















= −

















− − −

− − −

−

−

−

c s

s c c c s

s c c

s

φ φ

φ α φ α α

φ α φ α α

α

α

0

1 1 1

1 1 1

1

1

1

  ,   .

3.1.2  Product of Exponentials (POE)

Consider, again, the desire to describe a point given in frame j with respect

to frame i.  Given the previous developments, one could (correctly) expect that the

POE method also involves chain multiplication of elements from SE(3) to perform

forward kinematics.  Recall the exponential map (A.23),

  ∀ ∈ ∃ ∈ ∈ =T SE se T e( ) ( ) :3 3   and ξ φ ξφÑ .  In this representation, elements of

SE(3) have the form of exponentials, and frame-to-frame transformations occur

via their products (Brockett, 1984).

(3.4) i
j
i j

j
i

j
ip T p T e T( )= = : ξφ 0

(3.5)   
i

n
i n

n
i

n
ip T p T e e e T( )j j j j n n= = + + + + : ξ φ ξ φ ξ φ1 1 2 2 0L  where

(3.6) n
j

n
jT T e jn( ) ( )0 0

0= =Φ ξ

represents the initial (reference), φ = 0 , transformation from the n-th frame to the

j-th frame.  (Note that any point in Φ can be chosen as the reference point.)  Using
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the connection between elements of se(3) and screw theory, each ξ j  is the

description (with respect to the global reference frame) of the screw axis actuated

by joint φ j .  Thus, the POE method uses a concatenation of twists to perform

forward kinematics (Murray, et al., 1994).  Since only relative displacements are

used, it is necessary to have n
jT( )0  to associate the relative map back to the

reference frame of interest.

Since no intermediate frames are needed, and any Φ0  can be the reference

pose, this method is considered a coordinate free approach (Murray, et al., 1994).

The ξ j 's are called the canonical coordinates (coordinates of the first kind) for

spatial kinematics.  The POE methodology can also be used with Denavit-

Hartenberg parameters (coordinates of the second kind), as shown below.

(Brockett, 1984, Park and Bobrow, 1994)

(3.7)   
j

n
j n

n
j

j
j

j
j

n
np T p T T T T= = + +

+ −   : 1 2
1 1L  where

(3.8) j
i P

jT e Mj j= φ
 where φ j  is the joint variable.

Then, for a revolute joint (note that D-H parameters are now given in the

convention of (Paul, 1982)),

(3.9) M

a

d
Pj

j

j j

j j j
j= −

















=
−















1 0 0
0 0
0
0 0 0 1

0 1 0 0
1 0 0 0
0 0 0 0
0 0 0 0

c s
s c
α α
α α   and .

For a prismatic joint

(3.10) M

a
a

Pj

j j j j j

j j j j j j

j j
j=

−
−

















=
















c s c c
s c c s s

s c

φ φ α φ
φ φ α α φ

α α

0

0 0
0 0 0 1

0 0 0 0
0 0 0 0
0 0 0 1
0 0 0 0

  and .



26

Visual comparison quickly reveals the elegance of the coordinate free approach.

3.2  DYNAMICS

As with forward kinematics, the dynamics of a serial chain are dependent

upon the particular pose (φ ∈Φ ).  However, the dynamic equations of motion are

also dependent upon φ̇ , ˙̇φ , and external effects (e.g. gravity, tool forces).

The two primary methods for obtaining the equations of motion (EOM)

for serial chains are based upon energy and force balancing.  Energy based

approaches (Lagrangian, for example) require a closed form representation of the

kinetic and potential energy of the chain.   The Lagrangian ( L T V= − ) is formed,

then differentiated, 
d

dt ˙
∂
∂φ

∂
∂φ

L L





− = 0 , to obtain the dynamic equations.  For

details, see (Featherstone, 1987) or (Murray, et al., 1994).  Force balancing

requires the use of forward kinematics to calculate positions, total velocities, and

total accelerations of the links.  Then, the loads required to balance the dynamic

and external loads for the last link in the chain are calculated.  These loads are

then treated as external loads on the previous link and summed with the external

loads on that link.  Hence, the loads on all of the links in the chain can be

computed in a recursive fashion. (Luh, et al., 1980)  (See §A.2.2 for more detail

and history.)

In either case, since a real physical system is being modeled, energy and

force balancing techniques yield identical results.  Knowing that all EOM must be

physically identical, the question becomes one of representation.  It has been

shown (Luh, et al., 1980) that force balancing techniques are computationally

more efficient and geometrically more intuitive than energy based techniques.
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Force balancing also yields the useful by-product of explicit representation of the

complete loading on each member after each recursive iteration.  (On the negative

side, force balancing techniques require substantial reformulation for use as

controlling equations.)  In the following, Lie formalisms are used to model serial

chain dynamics.  Other methods using kinematic influence coefficients, the

Newton-Euler formulation, and spatial vectors are presented in §A.2.

Using Lie groups and Lie algebra to re-formulate the dynamic equations

primarily adds mathematical formality to force balancing techniques.  This

representation also requires that the local inertia matrices now be symmetric and

positive definite.  (This latter aspect is a reassuring advantage over spatial and

screw representations, §A.2.3.)

The recursive methodology presented below is adapted from (Park and

Bobrow, 1994).  See also (Brockett, et al., 1993).  Notational and mathematical

explanations follow the recursive structure.

Forward recursions:  Do from i=0 to N-1

(3.11) i
i i

i i
i i iv T v s+

+
+

+ += ( ) +1
1

1
1 1Ad φ̇

(3.12) i
i i

i i
i i

i i
i i i i iv T v T v s s+

+
+ +

+ + + += ( ) + ( )( ) +1
1

1 1
1 1 1 1˙ Ad ˙ ad Ad ˙ ˙̇ φ φ

Reverse recursions:  Do from i=N to 1

(3.13) i
i i

i i
i i

i
i

i
i i

i
if T f I v v I v= ( ) + − ( )+ +

+Ad ˜ ˙ ad ˜* *1 1
1

(3.14) τ i
i

i
T i

is f= ( )
Here the f ’s represent the moment-force pair N F,( ).  Using duality, consider

N F N F se,( ) = [ ]





∈ ( )0 0 3  as was done with velocities, v v= ( )ω, .  (Moment-
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force pairs are actually elements of the dual space to se(3).)  One recalls that

elements of se(3) can be expressed as 6x1 arrays, and, as such, they are used in

the above recursive structure.  The product of the s’s and the φ’s represent the

twists due to the actuated joints, where the s’s are also expressed as 6x1 arrays.

Ad, Ad* , ad, and ad*  represent the adjoint and dual (*) adjoint representations of

elements of SE(3) and se(3), respectively.  The adjoint representations (Ad G( ) ,

ad g( )) map elements from se(3) into se(3) (or se* 3( )  into se* 3( )), and can be

represented in the form of 6x6 matrices.  Given G x SE= ( ) ∈ ( )Θ, 3  and

g v se= ( ) ∈ ( )ω, 3 :

(3.15) Ad G
x

( ) = [ ]






Θ
Θ Θ

0
 ,

(3.16) Ad Ad* G G
xT

T T T

T( ) = ( )( ) = [ ]









Θ Θ
Θ0

 ,

(3.17) ad g
v

( ) =
[ ]
[ ] [ ]











ω
ω
0

 , and

(3.18) ad ad* g g
vT

T T

T( ) = ( )( ) = [ ] [ ]
[ ]











ω
ω0

.

The adjoint representation of elements of SE(3), Ad and Ad* , facilitate

coordinate transformations of velocities and moment-force pairs, respectively.

The adjoint representation of elements of se(3), ad and ad* , represent interactions

of elements of se(3) (e.g. Coriolis and centripetal terms).  Note that for the adjoint

of an element of se(3) acting on another element of se(3), the operation can be

replaced by the Lie bracket, ⋅ ⋅[ ],  := a b ab ba,[ ] = −   where  a b se, ( )∈ 3 , which

reduces to the matrix commutator for square matrices (Park and Bobrow, 1994).
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Note that for elements of so(3), the Lie bracket corresponds to the vector product.

The 6x6 inertia matrix for each link, Ĩi , is given by

(3.19) Ĩ
I m r m r

m r m
i

i i i i i

i i i

= − [ ] [ ]
− [ ]













2
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 ,

where Ii  is the inertia matrix of the link at the center of mass expressed in the

local frame, mi  is the mass of the link, ri  is the vector from the local frame origin

to the link center of mass, and 13  is the 3x3 identity matrix.

3.3  SMALL DISPLACEMENT (ERROR) MAPPING

Knowing the actual location of the manipulator tool-point for a given pose

is essential for precision operation.  Unfortunately, joint level sensor inaccuracies

and elastic deformations cloud this effort through manifestation of rigid body

position errors.  However, knowledge of sensor limitations, system elasticity, and

loading can help clear the issue.  By mapping local position errors to the tool-

point, one can obtain a more realistic notion of the tool-point position.

Only superposition error mapping techniques are considered.  That is, joint

space errors are mapped to errors in the space of the last body, then all errors are

summed.  The mapping of rotational parameters into S E(3) is, in general,

nonlinear.  Consider T x SE= ( )( ) ∈ ( )Θ φ , 3 ,   φ ∈Ñ , and   x ∈Ñ3 , then

(3.20) T T Tφ φ φ φ1 2 1 2( ) + ( ) ≠ +( ) .

Thus, one may only use these modeling techniques for small displacements,

∆ ∆ ∆ξ γ δ= ( ), ; e.g. 
∆γ
γ

< 0 05.  and 
∆δ
δ

< 0 05. .  For rigid manipulators, the

small deflection condition should always be satisfied, and thus the approximation
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should be valid.  Highly flexible manipulators, or manipulators with large joint

errors, will not be accurately modeled with the superposition method.

There are no explicit references to the use of Lie groups and the product of

exponentials for error mapping, but it is implicit in the compliance work of

(Loncaric, 1985).  One can easily produce the necessary extensions of the Lie

formalisms by analogy and by observation of Loncaric’s efforts.

Considering the small motion to differential approximation, consider

∆ ∆γ δ,( )  to be a twist, ξi se∈ ( )3 .  Transformations of ξi ’s then follow via

application of Ad i
eeT( ) .  So,

(3.21) ∆p Tee ee
i

ee
i

i

≅ = ( )∑ξ ξAd ,

where i
eeT  are found in the normal manner (§3.1.3).

Conceptually, it is more direct to consider application of the POE formula

to the new (intended or goal) reference pose, say φ1 .  The actual transformation,

eeT
0 ′ , is found as a concatenation of twists from the intended transformation,

(3.22)   ee eeT e e Tn0 0
1

0′ = ( )ξ ξ φL ,

where the ξi  represent the error at each joint, and eeT
0

1φ( )  is considered the

desired (intended) location of the rigid body.  Hence, ∆pee  is found by

(3.23) ∆p T p T p T T pee
ee

ee
ee

ee
ee ee

ee= ( ) − ′ = ( )− ′( )0
1

0 0
1

0φ φ .

This method reflects the natural concatenation of errors throughout the system.

The practical complication arises from the fact that each local twist, ξi , must be

expressed with respect to the current pose, φ1 .  So, one must still transform each

twist to the current reference frame, which requires application of the appropriate
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adjoints.  The use of the POE formula for error formulation is theoretically more

direct than other methods.  In fact, this method is immune to the small

displacement assumption, and can therefore be used for larger deformations.

Concatenation of errors from the intended reference pose in such a manner is

computationally expensive as it is equivalent to re-evaluating the forward

kinematics using φ φ+ ∆ .  That is,

(3.24) ∆ ∆ee ee eep p p( )= +( )− ( )φ φ φ .

3.4  ELASTICITY

No mechanical system is infinitely rigid.  Thus, if one wishes to have an

accurate knowledge of the true state of the system, the system’s mathematical

model must somehow represent elasticity, or the system must be equipped with

external sensors.  Serial manipulators are especially susceptible to elastic

deformations because there is only one supporting load path.  For design of serial

chains, a mathematical model of elastic deformations is a necessity.  These

deformations are then considered to be small (as previously defined).  Under these

assumptions, the lumped parameter elastic model is by far the most widely used

(Hudgens and Tesar, 1992)(Hudgens and Tesar, 1992, Fresonke, et al., 1988).  For

descriptions of distributed elastic models of manipulator systems, see (Hughes,

1979), (Sunada and Dubowsky, 1981, 1983), (Book, 1979, 1984), (Low and

Vidyasgar, 1988), (Graves, 1989), and (Yang and Sadler, 1990).

The lumped parameter elastic model considers links of the serial chain as a

system of rigid bodies with all elasticity concentrated at the bodies’ mathematical

joints/connections (Hudgens and Tesar, 1992).  Mathematical joints are typically
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defined at the origin of the local coordinate frames.  First, all loads are mapped to

the local reference frames.  Loads then act upon the elastic description to create a

local deflection.  Finally, the local deflections are mapped to the tool-point as

small displacement errors.  Since deflections resulting from system loading are

generally of most interest, elasticity is investigated in terms of the compliance

formulation, ∆x C F= [ ] .

Application of Lie theory to the issue of spatial elasticity was first

achieved by (Loncaric, 1985).  His work was one of the first extensive

applications of Lie algebra to spatial manipulators.  Furthermore, recall that

Loncaric provided a formal proof for the non-existence of a positive definite bi-

invariant Riemmanian metric on SE 3( ). (§2.2)

Per the dynamics recursion, total loads (moment-force pairs, N F,( )) for

each frame are calculated after each recursive load iteration.  These loads can then

act on a compliance matrix to produce resultant twists,

(3.25) i
i i

i
iC fξ γ δ= ( ) = ′′[ ], .

The local displacements are then mapped to the tool-point,

(3.26) ee
tot

ee
i

i

ξ ξ= ∑  ,

where ee
i i

ee i
iTξ ξ= ( )Ad .  Considering only external loads applied at the tool-

point, an effective compliance matrix can be constructed.

(3.27) ee
eff i

ee
i i

ee ee
ee

i

T C T fξ = ( ) ′′[ ] ( ){ }∑ Ad Ad*  thus,

(3.28) ee
eff i

ee
i i

ee

i

C T C T′′[ ] = ( ) ′′[ ] ( ){ }∑ Ad Ad*
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The careful reader will notice that the compliance formulation has changed again,

(3.29) ξ γ
δ= 



 = ′′[ ] 

C N
F .  So,

(3.30) ′′[ ] = [ ][ ][ ] = ′[ ][ ]C C C∆ ∆ ∆ .

In this framework, Loncaric has provided mathematically formal definitions for

centers of compliance.  His definitions and classifications focus on

diagonalization (if possible) of the two off-diagonal 3x3 blocks of ′′[ ]C .

Loncaric noted that the coupling between translational and rotational elasticity is

inherent, and that the best measure of this coupling was through the hyperbolic

metric.  It is shown that this hyperbolic metric is simply the pitch of a screw.  This

is contrasted by the fact that inertia can be uncoupled into translational and

rotational components.

Note that Loncaric’s definition of centers of stiffness and compliance are

different from those found using screw theory.  See §A.4 and (Patterson and

Lipkin, 1993a,b).  Loncaric was interested in identifying a characteristic reference

frame, while (Patterson and Lipkin, 1993a,b) were interested in the response

(twist) of the elastic system to wrenches.  There is no direct geometrical

interpretation associated with Loncaric’s analysis, while that of (Patterson and

Lipkin, 1993a,b)  is directly related to the screw as a geometric object.

If formal modeling constraints are slightly relaxed, a little hybridization

will allow the use of Lie groups with the physical insight of screw theory.  The

special characteristics of the screw formulation of compliance arise from the

investigation of ′[ ] = [ ][ ]C C∆  .  Since ′[ ] = ′′[ ][ ]C C ∆  by virtue of ∆ ∆[ ][ ] = [ ]I ,

(3.25) now becomes
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(3.31) i
i i

i
iC fξ γ δ= ( ) = ′[ ][ ], ∆ .

Equation (3.26) remains the same, and Equations (3.27) and (3.28) now become

(3.32)

ee
eff i

ee
i i

ee ee
ee

i

i
ee

i i
ee ee

ee
i

T C T f

T C T f

ξ = ( ) ′[ ][ ] ( )[ ]{ }[ ]

= ( ) ′[ ] ( ){ }[ ]

∑

∑

Ad Ad

Ad

*

*̃

∆ ∆ ∆

∆       Ad

and

(3.33) ee
eff i

ee
i i

ee

i

C T C T′[ ] = ( ) ′′[ ] ( ){ }∑ Ad Ad*̃ , respectively.

Careful observation reveals that

(3.34) Ad Ad*̃ *
i

ee
i

ee
i

ee s
T T T( ) = [ ] ( )[ ] = ( )∆ ∆ .

That is, pre- and post-multiplication of the dual adjoint by the permutation

operator results in the spatial transpose of the adjoint.  (See §2.4.)  Also, note that

the permutation operator maps the moment-force pair to a wrench,

(3.35) i
i

i
iw f=[ ]∆ .
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CHAPTER 4

Literature

This literature review focuses on the design, with emphasis on general

system design, of mechanical properties for N-DOF serial manipulators.  (Case

studies, one-off designs, and partial workspace approaches (finite paths) are not

considered for this review.)  Due to the dirth of such generic global approaches,

this section may not appear as voluminous as one might expect.  Note that

important works for algorithmic and tool development are reviewed in other

sections of this work where appropriate.   As mentioned previously, the

manipulator kinematic framework is considered fixed.  Thus, kinematic design

(synthesis) is not reviewed.  However, much geometric insight can be gained from

the study of kinematic synthesis techniques.  The interested reader is directed to

such notable works as (Gupta and Roth, 1982), (James and Roth, 1994),

(Freudenstein and Primrose, 1984), (Duffy, 1980), and (Park, 1991).  Also of

interest are (Gosselin and Angeles, 1991), (Hollerbach, 1985), and (Paden and

Sastry, 1988).

4.1  DESIGN OF SYSTEM MASS PROPERTIES

There are many publications concerned with the mechanical design of

serial manipulators.  The vast majority of these works are concerned with lessons-

learned, or detailed aspects of one-off designs.  However, there are several

significant works concerned with the underlying theory behind manipulator
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design for dynamics and mass properties.  It is these fundamental works which are

briefly presented below.

Formal synthesis of mass properties for mechanisms began many years

ago with a fundamental work by (Elliott, 1977).  He synthesized mass properties

of planar mechanisms for minimization of shaking moments, energy, and driving

torques.  (Behi, 1985) hints at how design of mass in serial manipulators might

affect fundamental vibrational modes.  Many other authors have discussed the

role of mass properties on specific criteria in mechanisms and spatial

manipulators, but they have not attempted direct synthesis of these properties.

For serial manipulators, most synthesis efforts have been directed towards

the goals of dynamic linearity and inertial isotropy.  (Yoshikawa, 1985a) suggests

mass synthesis for a pose independent (uniform) effective joint inertia.  This

characteristic is quantified explicitly through the isotropy of what he calls the

dynamic manipulability ellipsoid (DME),

(4.1) det ( )J I I JT T[ ]=c, where c is typically unity.

This concept is similar to mass synthesis for a uniform effective input inertia

(Elliott, 1977), but extended to any general N-DOF serial manipulator.  That is, it

reflects the uniformity of the joint level torque to tool-point acceleration gain for

all joints of a manipulator.

(Asada, 1983) approaches mass synthesis with the goal of forming an

isotropic tool-point effective inertia matrix, what he calls I* .

(4.2) T I x I xT T= =1

2

1

2
˙ ˙ ˙ ˙*φ φ  where



37

(4.3) I J IJ
T* = ( )− −1 1, and J is the Jacobian.

Asada measures the isotropy of I*  through what he terms the Generalized Inertia

Ellipsoid (GIE).  The GIE is formed by setting the equation for kinetic energy

(Equation. 4.2) to some constant value (typically unity).  The lengths of the

principle axes of the GIE are the inverse square root of the eigenvalues of I* .

Since nonlinear forces (velocity induced forces) arise with changes in shape and

orientation of the GIE, the design goal focuses on keeping the GIE as isotropic as

possible over the workspace of the manipulator.  Asada suggests graphically

plotting the GIE over a discrete number of points for qualitative evaluation.

Design is then an iterative process based on parameter adjustment and qualitative

examination of the general trends of GIE isotropy.

(Youcef-Toumi and Asada, 1986) and (Yang and Tzeng, 1986) investigate

the possibility of mass synthesis for complete inertial isotropy (joint referenced

effective inertia).  That is, they generated the conditions that must be satisfied for

elimination of non-linear terms in the kinetic and potential (Yang and Tzeng only)

energy equations of serial manipulators.  By elimination of these terms, a

completely linear dynamic model can be used, thereby significantly easing the

burden of manipulator control.  The authors then presented the special kinematic

and inertial configurations for serial arms (4-DOF maximum) such that their

linearity conditions were satisfied.  Interestingly, only a few possible

configurations for inertially isotropic serial manipulators exist.  These

manipulators have very exact and efficient control algorithms.  Unfortunately, this
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limited set of manipulators is not especially useful.  Utility suffers in the form of

excessive mass, large expected elastic deformations, and poor kinematic dexterity.

(Ma and Angeles, 1993) use a dynamic conditioning index (DCI) to

choose kinematic and inertial parameters for serial manipulators.  Minimization of

the DCI over the manipulator workspace is claimed to produce the most

isotropic/decoupled generalized inertia matrix, I.  The DCI is, mathematically, the

Frobenius norm of the difference between the generalized inertia matrix and an

ideal isotropic generalized inertia matrix for that manipulator.  The authors, in

favor of feasibility, relaxed the strict isotropy condition of the generalized inertia

matrix.  The new goal is a diagonal generalized inertia matrix that allows for the

natural tendency of the base links to have larger masses than the more distal links.

Use of a diagonal weighting matrix as a multiplicative scaling factor provides the

formal definition of the trade-off between strict isotropy and uncoupled dynamics.

Thus, the authors placed more emphasis on uncoupled dynamics by introducing

the expected natural anisotropy in the weighting matrix.  This methodology was

illustrated for one configuration of a 3-DOF serial manipulator.  Although this

method is mathematically more formal than (Asada, 1983) or (Yoshikawa,

1985b), it still requires complex numerical computations that become prohibitive

for general redundant spatial manipulators.  For example, for each design variant,

the average DCI must be computed over the entire workspace.  More importantly,

no formal rules for determining the values of the diagonal weighting matrix were

investigated.  That is, the underlying tendency of mass decreasing along the

length of the manipulator is noted, but not formally investigated.
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The workspace of a manipulator is treated as a probability density function

in (Singh and Rastegar, 1992).  The authors also assume that the kinematics of 6R

(or less) manipulators are known and fixed.  A new construct known as the global

inertia ellipsoid (GbIE) is the basis for their design analysis.  This ellipsoid

contrasts the GIE  of (Asada, 1983) in that it is one ellipsoid claiming to represent

the inertial characteristics of the manipulator over the entire workspace.  The

GbIE is defined by

(4.4) ˙ ˙x Q Q xT T Λ( ) = 1.

Where

(4.5)   Q E e E e E en= ( ) ( ) ( )[ ]1 2 L ,

(4.6)

  

Λ =
( ) ( ) ( )













diag
1 1 1

1
2

2
2 2

E a E a E an

L ,

E ⋅( )  is the expectation operator, ei  are eigenvectors of I* , and ai  are the lengths

of the principle axes of the GIE.  Using a probability density function to randomly

generate a location in the workspace, the pose is then found from an inverse

displacement algorithm, I*  is generated, and the eigensystem is computed.  After

many iterations, expected values of the desired quantities can then be determined

and used to formulate the GbIE.  From the GbIE, several scalar properties

regarding its anisotropy (shape, size, and their respective variances) can be

determined.  The objective function is just a weighted (user determined) linear

combination of these four quantities.  A direct search method is used for

maximization of the objective function.  That is, with each change in the design

variables, the expected values must be re-generated so that the objective function
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can be re-evaluated for the new GbIE.  This method was demonstrated for the

optimization of a 3-DOF arm with two free design variables.  This method is an

advancement due to its treatment of the workspace as a probability density

function, and due to its reduction of the manipulator’s inertia over the

representative workspace as one GbIE (assuming a large enough population of

workspace values).  Considering fixed kinematics also demonstrates a practical

view of the optimal manipulator synthesis problem.  That is, kinematics are

assumed to have been thoughtfully generated, then the best distribution of mass

properties is sought.  The drawbacks of this approach are the computational

requirements, and the acceptance that I*  is the appropriate inertial view of the

manipulator.

(Park, 1991) presents a significantly different approach with his global

and formal view of manipulator synthesis.  His approach is based upon the

mathematical distortion of the mappings from joint space to workspace, and of the

joint masses to resulting dynamics.  In the his conclusion, (Park, 1991) outlines a

geometric approach for attacking the complete (simultaneous) dynamic and

kinematic synthesis problem based on pullbacks of vector bundles.  He then states

that it is very unclear as to what metrics should be used, and that any such metric

would only be a third-order measure.  In a later work, (Park, 1995b) suggests the

necessity of determining manipulator performance goals, then formulating and

using the appropriate metrics for optimization.  That is, the use of only one metric

(or methodology), is inappropriate for total optimal manipulator design.  This

latter statement is essentially a restatement of what many robot designers have
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known (as a 'rule-of-thumb') for years:  Kinematic synthesis and mass (dynamic)

synthesis should occur separately.

4.2  ACTUATOR LOAD CAPACITY

(Thomas and Tesar, 1982a) and (Thomas, et al., 1985a) were the first to

generically investigate the actuator load capacity of spatial manipulators.  In the

latter work, the load capacity of a manipulator is investigated by finding the

maximum tool-point load that can be applied, for a given pose, without exceeding

actuator torque limits.  This investigation also identified the limiting actuator for

each load and pose combination.  This procedure was repeated iteratively over the

workspace of a 6-DOF serial manipulator.  For use as a design tool, it was

suggested that this procedure be repeated iteratively after a change in actuator

load capacities.

4.3  ELASTIC SYSTEM SYNTHESIS

Synthesis of elastic properties (as external components added to the

system, not structurally intrinsic properties) for planar mechanisms was

investigated extensively by (Matthew and Tesar, 1977a,b) and (Griffin and

Matthew, 1981).  (Yi, et al., 1992) investigate antagonism (in parallel

manipulators) for synthesis of active nonlinear springs realized by planned system

preloading.  However, there is little work investigating the direct synthesis of

general elastic properties for spatial serial manipulators.  (Behi, 1985) hints at the

impact the design of elastic properties could have on the dynamic response of a

spatial manipulator.  However, actual synthesis is not investigated.
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(Thomas, et al., 1985b) performed an intensive numerical optimization of

compliance distribution for a 6R serial robot.  This optimization scheme

considered only the distribution of on-axis joint compliances.  The 6R

manipulator was given a known load at the tool-point in one plane, and the

optimum distribution of maximum compliances was found to keep the tool-point

translational deflection under a maximum value.  Note that the entire workspace is

found by revolving the plane of investigation about the base joint.  This seemingly

limited approach, effectively taken over the whole (discretized) workspace,

proved to be computationally very expensive.  Note that neither dynamics nor

gravitational loading were considered.  This effort was the first to illustrate the

need for, and complexity of, optimum system compliance design.  Furthermore,

the computational requirements encountered imply the need for further parameter

reduction before a complete system optimization scheme is attempted.

Other limited efforts at elastic system synthesis include (Andeen and

Kombluh, 1988), (Christian and Seering, 1989), and (Segla, 1991).  Based on

iterative finite element analysis, (Segla, 1991) offers a good concept of a general

methodology for simultaneous mass and intrinsic elasticity synthesis.  However,

his over-simplifications and poor development cast doubt upon the relevance of

his results.  (Moallem, et al., 1996) uses the concept of modal accessibility

(Tosunoglu, et al., 1992) to design a two-link planar manipulator, and suggests

possible generalization to N-DOF spatial manipulators.  Unfortunately, this

method becomes computationally expensive with any useful manipulator.

In his breakthrough work, Josip Loncaric (Loncaric, 1985) used Lie theory

to investigate elasticity of robotic manipulators and elastic matrix synthesis.  This
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effort is the first to formally define a method of direct elastic synthesis.  Loncaric

uses one-dimensional springs as building blocks for the 21-dimensional space of

elastic matrices (6x6 symmetric).  Given an elastic matrix, the first step for

synthesis is determination of its normal form.  The normal form is based on the

reference frame associated with the center of compliance/stiffness.  Then, the

elastic matrix may be synthesized by an appropriately oriented linear combination

of (Loncaric, 1991):

- Three translational springs of rank 1 acting along mutually orthogonal

directions in S [physical space, E(3)].

- Three rotational springs of rank 1 acting along mutually orthogonal

directions in S.

- Two springs whose Krt  [3x3 off diagonal blocks of the stiffness matrix]

are traceless diagonal matrices of rank 2, inactive along mutually

orthogonal directions in S.

The above synthesis effort is detailed in (Loncaric, 1985) and (Loncaric, 1991).

Loncaric, however, did not consider optimum distribution of compliance in an

entire manipulator system, or the synthesis of a desired effective compliance

matrix from link compliance matrices.

4.4  DESIGN FOR DISPLACEMENT ACCURACY

Most research associated with manipulator accuracy addresses

identification of component and kinematic errors for accurate model formulation.

See (Everett, et al., 1987) and (Hayati, 1983).  Earlier research was concerned

with error in precision points due to component tolerancing (Dhande and
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Chakraborty, 1973, 1978).  Only (Wang and Roth, 1988, 1989) address design of

serial manipulators and mechanisms for improved output displacement accuracy.

Their effort, however, primarily focuses on how tolerance interactions affect

output positioning.
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CHAPTER 5

Methodology

5.1  OVERVIEW

The design methodology developed in this work is based upon eliminating

continuous dependence on configuration space, Φ , from manipulator

mathematical models.  That is, physical properties which vary over Φ  are now

replaced with norms (RMS and maximum) over Φ .  Norms are then placed in

reduced mathematical models to determine distributions of manipulator

mechanical properties.  When reducing mathematical models, great care is taken

to preserve the natural mathematical structure.  Similarly, only the most

significant and direct Φ-dependent properties are considered candidates for

normalization.

The drawback of this procedure is that, in most cases, only first-order

effects can be considered.  That is, only magnitudes of influence of each

mechanical property on the system are modeled.  In such cases, the design

equations should only be used to determine best distributions of the first-order

parameters.  Fortunately, first-order properties are generally the most significant.

However, statistical methods can be used for generating generic

quantitative design feedback.  Monte Carlo methods are straightforward to

implement, offer the desired degree of flexibility, and have been used with

success in similar efforts (Rastegar and Singh, 1989a,b, Rubinstein, 1981).  With

respect to generic design feedback, the configuration space can be modeled with
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probability density functions for each joint variable.  Here Φ , Φ̇ , and ˙̇Φ  (recall

that Φ̇  and ˙̇Φ  are Lie algebras of SE 3( )) are also considered members of

configuration space.  More specifically, the position, velocity, and acceleration

distributions can be modeled to represent typical applications.

5.2  ORIGIN OF THE METHODOLOGY

As illustrated in Chapter 4, choices for analytically derived system-level

design methodologies (as opposed to brute-force iterative techniques) for serial

manipulators are few.  In fact, none of the approaches previously described can

uniformly address the design of accuracy, load capacity, mass, and elasticity.

Hence, the methodology developed herein is not substantially derived from any

one source.  Figure 5.1 graphically illustrates the major sources of influence for

this development.  Research performed in mathematics, modeling, property

distribution, and parameter reduction provides tools and insight, while experience

provides the motivation and desire for simplicity.  The following section

endeavors to explain Figure 5.1 (the guiding methodology) in more detail.

However, complete detailed descriptions are reserved for later chapters.

5.3  FOUNDATIONS

In this section, the fundamental elements of the design methodology are

described.  It is these ideas that help unify the methodology for design of all

physical properties of interest.  The following major section (§5.4) will discuss, in

terms as general as possible, how all ideas come together to determine mechanical

property distributions.
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Screw Compliance
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Separation of Geometry
Thomas & Tesar

Figure 5.1:  Approach to serial manipulator design through property distributions.
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5.3.1  Utilization of Configuration Space

For mathematical modeling (Chapters 2 and 3, and Appendix A),

configuration space is most commonly used as a reference.  For manipulator

design, both configuration space and workspace (operational, or hand space) have

been used.  (See Chapter 4 for examples.)  Concerning the optimal design of N-

DOF serial manipulators, an approach based upon configuration space offers

superior generality and reduced complexity.  This approach is justified by

considering the map, f W: Φ →  where   Φ ≡ ⊗ ⊗ ⊗φ φ φ1 2 L n  and W SE⊆ ( )3 .

The map, f, is always surjective (onto W), while a map, g W: → Φ  is not

necessarily onto, analytic, or single-valued (Murray, et al., 1994).  That is, any set

of joint variables always corresponds to a location of the tool-point (end-effector),

but any location of the tool-point does not necessarily correspond to a real set of

joint variables.  Furthermore, the appropriate g (inverse map) is typically found by

numerical methods and is computationally expensive in comparison to f (forward

map) (Murray, et al., 1994).  The configuration space approach views the

manipulator as affecting the workspace, or as developing performance in the

workspace.  That is, the manipulator affects the environment through the elements

of the configuration space.  Workspace weighting functions are common for

design optimization.  Similarly, the configuration space can be weighted to reflect

various needs ( e.g. joint limit avoidance, or probable operating regions).  Letting

f W: Φ → ,   w Φ Φ( ) →: Ñ , and

(5.1) w dΦ Ω
Ω

( ) =∫ 1 ,

then the weighting of f can be defined through the product
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(5.2) f w fw Φ Φ Φ( ) = ( ) ( ).

(Note that these weightings could be transferred directly to a statistical model for

quantitative feedback.)  Weighting is mentioned for potential application only.

Actual use of weighting functions will be left to future work and individual design

efforts.

5.3.2  Common Structure

Study of Chapters 2 and 3 reveals a heavy dependence on elements of

SE 3( ), se 3( ), and se* 3( )  for the modeling of serial manipulators.  Specifically,

elements of se 3( ) (twists: velocities and accelerations) and se* 3( )  (wrenches or

loads) are transformed from one link to the next by elements of SE 3( ).  Twists are

transformed to the next distal link, then summed with the local twist of that link in

a process that propagates in an outward recursive fashion along the kinematic

chain.  Wrenches propagate in an identical fashion, except that the direction of

propagation is inward from the last link.

The underlying similarity between all mathematical models is found in

elements of SE 3( ):

(5.3) j
i j

i
j
i

T
x

=












Θ

0 1
,

(5.4) Ad i
j i

j

i
j

i
j

i
j

T
x

( ) = [ ]












Θ

Θ Θ

0
, and

(5.5) Ad Ad*
i
j

i
j T i

j T

i
j T

i
j T

i
j TT T

x( ) = ( )( ) =
( ) ( ) [ ]

( )












Θ Θ

Θ0
.
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Elements of SE 3( ) are represented here as containing sub-elements from

SO i
n3( )∋ Θ  and T xi

n3( )∋ .  Rotation matrices, i
n Θ , cannot alter the magnitude of any

vector through multiplication.  Thus, i
n x  controls the magnitude by which twists

and wrenches are amplified between frames.  Another look at (5.3-5) in the form

of (5.6-8) leads to the further realization that no matter how many elements of

SE 3( ) are multiplied together, they must all retain the underlying structure of

(5.3-5).

(5.6)
  
n
i

i
i

i
i

n
n n

i
n
i

T T T T
x

= ( )( ) ( ) =












+ +
+ −

1 2
1 1

0 1
L

Θ
,

(5.7)

  

Ad Adi
n

i
i

i
i

n
n i

n

i
n

i
n

i
n

T T T T
x

( ) = ( )( ) ( )( ) = [ ]












+
+
+

−
1

1
2

1

0
L

Θ

Θ Θ
, and

(5.8)

  

Ad Ad* *
i

n
i

i
i
i

n
n i

n T

i
n T

i
n T

i
n TT T T T

x( ) = ( )( ) ( )( ) =
( ) ( ) [ ]

( )












+
+
+

−
1

1
2

1
0

L
Θ Θ

Θ
.

Thus, the primary geometric structure of interest is i
n x .  i

n x  may represent the

location of the tool-point ( j
ee x , ee

j x ), the location of a center-of-mass ( j
ncm x , n

j

cm
x),

or the relative location of intermediate frames ( j
k x , k

j x ).  Typically, interest will

focus on the moments (geometric moments, or the distance from a line) of j
ee x

about the axes of the local frames.

5.3.3  Separation of Geometry

It has been established in §5.3.1 that it is most direct to work from

configuration space.  §5.3.2 then identified the vectors i
n x  (which are Φ-

dependent) as the primary geometric structures which affect twist and wrench

amplification along the kinematic chain.  Therefore, it is beneficial to re-formulate



51

the mathematical model for dynamics so that Φ-dependent terms are separated

from design properties.  In what follows, note that all geometry is related in some

way through the adjoint representations of the homogenous transformation

matrices.  In turn, the 6x6 adjoint matrices are dependent upon i
n Θ 's  and i

n x 's.

(Models for forward kinematics, accuracy, and elastic deflection need no re-

formulation, but are reproduced below for completeness.)

5.3.3.1  Forward Kinematics

Finding the representation of a point, p, in a frame, n, with respect to

another frame, j, is given by

(5.9) j
n
j n

n
j n

j
n
j

p T p T
x

=( ) =












  :
Θ

0 1
 where n

n

n

n
p

x

y

z
=



















1

 is the point in frame n.

5.3.3.2  Dynamics

The re-formulation of the recursive Lie group dynamics into summation

form with explicit velocity and acceleration dependent terms allows a more direct

view of the underlying geometry.  The velocity of each link is given by its

representative twist,

(5.10) tot
j

j
j

i
i

j

i
j i

i
i

j

iTξ ξ ξ φ= = ( )
= =
∑ ∑

1 1

Ad ˆ ˙ ,

where i
iξ̂  is the purely geometric unit twist (or unit screw) representing the joint

axis, and φ̇i  is the speed of the joint axis.  Accelerations are given in two parts,
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those due to acceleration of the links (linear), and those induced by velocity (non-

linear).

(5.11) tot
j

j
a j

i
a

i

j

i
j i

i
a

i
i

j

T˙ ˙ ˙̂ ˙̇ξ ξ ξ φ= = ( )
= =
∑ ∑

1 1

Ad

represents total accelerations of each link due to acceleration of the joints, while

(5.12) tot
j

j
v j

i
v

i

j

i
j

i
i

tot
i

i
i

i i
i

j

T T˙ ˙ ˆ ˙ξ ξ ξ ξ φ= = ( ) ( )( ){ }
=

−
−

−
=

∑ ∑
2

1
1

1
2

Ad ad Ad

describes the velocity-induced acceleration of each link.  In (5.11), i
i
a i

i
˙̂ ˆξ ξ=  is the

purely geometric unit twist (or unit screw) for the joint axis, and ˙̇φi  is the

acceleration of the joint axis in the local frame.  The total acceleration of each link

is simply the sum,

(5.13) tot
j

j
j

j
a j

j
v˙ ˙ ˙ξ ξ ξ= + .

Loads (moment-force pairs) generated at each link due to joint and gravitational

accelerations are, respectively,

(5.14) j
j
a j

i
a

i n

j

j
i

i tot
i

i
a

i n

j

f f T I= = ( ) ( )
= =
∑ ∑Ad* ˜ ξ̇

and

(5.15) j
g
a

j
i

i
i

g
a

i n

j

f T I T= ( ) ( )( )
=
∑Ad Ad* ˜ ˙

0
0ξ , where

(5.16) 0
0

ξ̇g
a

g
=

−






.

Recall that the inertia matrix in this formulation is given by
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(5.17) Ĩ
I m r m r

m r m
i

i i i
cm

i i
cm

i i
cm

i

=
− [ ] [ ]
− [ ]













2

31
.

Loads resulting from velocity-induced (second-order) accelerations and forces are

(5.18) j
j
v j

i
v

i n

j

j
i

i tot
i

i
v

tot
i

i i tot
i

i
i n

j

f f T I I= = ( ) ( ) − ( ) ( ){ }
= =
∑ ∑Ad ad* *˜ ˙ ˜ξ ξ ξ .

The total loading on each joint is simply the sum of the inertial, velocity-induced,

and gravitational loadings,

(5.19) tot
j

j
j

j
a j

j
v j

g
af f f f= + + .

5.3.3.3  Accuracy

The accuracy (in the form of a twist) at the tool-point due to joint i is

(5.20) ξ ξ ξ ξ δφi
ee

i
ee i

i

i
ee

i
ee

i
ee

i
ee

i
i

i
ee

i
ee

i
ee
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ee
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i iT

x x
= ( ) = [ ]
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Θ Θ

Θ

Θ Θ

0 0
.

Here, ξ δφi i

T= ( )0 0 0 0 0  is the small deflection representing the accuracy of

the position sensor in frame i (which is considered a twist∈ ( )se 3 ).  So, the total

accuracy at the tool-point is

(5.21) ξ ξ ξ δφacc
ee i

i
ee

i

i
i
ee

i
i

≅ =∑ ∑ ˆ .

5.3.3.4  Elasticity

For loads applied at the tool-point, elastic deflection is given by

(5.22)

ξi
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i
ee

i i
ee ee
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where ′[ ] = [ ][ ]C C∆ .  More generally, for a total load applied to a local frame,

total
if , deflection at the tool-point due to this load is

(5.23) total
i
ee

i
ee

i
total

i

i
ee

i
ee

i
ee

i
ee i

total
i

total
i

T C f
x

C
F

N
ξ = ( ) ′[ ][ ] = [ ]













′[ ]






Ad ∆

Θ

Θ Θ

0
.

The total deflection at the tool-point is then just the sum of the tool-point

referenced deflections from each joint,

(5.24) total ee total
i
ee

i

ξ ξ= ∑ .

(Recall that both accuracy and deflection models utilize a small deformation

approximation.)

5.3.4  Norms

The significance and recurring appearance of i
n x  leads one to believe that

further investigation of i
n x  could prove useful.  However, the values of the i

n x 's

vary over Φ .  How, then, can the significance of the i
n x 's be precisely identified?

The answer lies in the application of norms.

Norms represent the measure of a function over its domain.  First,

however, recognize that i
n x T∈ ( )3  is a vector and that each component of i

n x  is a

different function of Φ .  The most common metric on T 3( )  is distance

(magnitude).

(5.25) m x x x xi
n

i
n

i
n

i
n( ) = ( ) + ( ) + ( )1

2

2

2

3

2

Clearly, m xi
n( ) is a function of Φ ,   m xi

n( ) →: Φ Ñ .  Thus, the norm of the

magnitude of i
n x  over Φ  is the physically significant norm of interest.

In general, the p-measure, • p, of a function,   f : Ω → Ñ, exists if
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(5.26) f d
p

p

Ω
Ω
∫








1

 is finite for p ∈ ∞[ ]1, .

Strictly, integration is to be taken in the sense of Lebesgue (Oden and

Demkowicz, 1996), but since   m xi
n( ) →: Φ Ñ  is continuous and infinitely

differentiable (SE 3( ), T 3( ) , and SO 3( )  are Lie groups), integration can be taken

as traditional Riemannian.  The p-norm of a function, • p , is, in fact, the domain-

weighted (normalized) measure (Abraham, et al., 1988),

(5.26) f
m

f
p p p

=
( )

1

Ω

.

Let m mΩ Ω= ( )  be the measure of the domain.  For p = 2 , the norm represents

the root of the average measure of the set of square distances of f from 0.  Not

surprisingly, the p = 2  norm is the same as the root mean square (RMS) distance

of f  from 0 (traditionally obtained by the Mean Value Theorem of Integral

Calculus).  Thus,

(5.28)

m x x x x d
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The terms p = 2  norm, • 2 , root mean square value, •( )RMS , and •( )2  all

represent the same quantity, and can be used interchangeably.

The p = ∞  norm represents the essential supremum of f over Ω .  So,

(5.30) m x m xi
n

i
n( ) = ( )

∞
ess sup  

Φ
.

Physically, m xi
n( )

∞
 represents the maximum absolute value magnitude attained

by i
n x  over Φ  .

5.4  DISTRIBUTIONS

This section is intended to outline only the general methodology for

determining distributions of sensor accuracies, actuator load capacities, link

masses, and rotational compliances along a serial chain.  Detailed methodologies

and examples are given in later chapters.  Note that the following equations are

only conceptually representational.

5.4.1  Sensor Accuracy

First, the norms of the distance from the tool-point to the joint axes, i
z
eed ,

must be determined.  The sum of these norms, after multiplication with the joint

accuracies, form an upper-bound for the translational accuracy of the tool-point.

(5.31) i
z
ee

i
acc

i

n
accd EEδφ

=
∑ ≥

1

∆

To maintain an upper-bound accuracy goal, there are ∞ −n 1 distributions.  Thus,

one may introduce additional constraints to determine more application specific

solutions.  (See Fig. 5.2.)  However, a very natural and complete constraint can be
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added by stating that each joint should contribute equally to the total tool-point

translational deflection,

(5.32) δφi
acc

acc

i
z
ee

EE

n d
= ∆

.

(Note that this constraint has an interesting relationship to the harmonic mapping

approach used by (Park, 1991).  See §7.2.1.1.)

User Constraints:
Accuracy Upper Bound

Accuracy
Distributions

Norms: 2, ∞
EE-Joint Axes

δφi
acc

acc

i
z
ee

EE

n d
= ∆

Figure 5.2:  Determination of joint sensor accuracy distributions.

5.4.2  Load Capacity

Force transmittal from the tool-point to joint axes is the mathematical dual

of rotational joint accuracy to translational tool-point accuracy.  Therefore, the

norms of the distances from the tool-point to the joint axes are also utilized.
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Considering only kinematics, the torque capacity of each actuator must be greater

than or equal to the product of the expected tool-point force and the distance

norm.  (See Fig. 5.3.)

(5.33) i F i
z
ee eeee

d Fτ ≥

Realistically, the expected dynamic and gravitational loading must be considered

with the desired kinematic load capacity requirements.  Naturally, the dynamic

and gravitational loading cannot be determined until mass has been added to the

system.

Norms: 2, ∞
EE-Joint Axes

Load Capacity
Distributions

User Constraints:
EE Force Bound

i F i
z
ee eeee

d Fτ =

Figure 5.3:  Determination of load capacity due to tool-point loading.
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5.4.3  Mass

Design of system mass is a recursive process.  (See Figure 5.4.)  First,

norms of the distance of each link center-of-mass (CM) from each joint axis must

be found.  Also, norms of link velocities and accelerations must be determined.

With these norms, the load handling requirements, and a user specified load ratio,

ηload  (local dynamic to referred load), the dynamic loading is determined and the

mass can be calculated.  The referred torque is simply the sum of the torque

necessary to support the loading due to the distal links (inertial and/or

gravitational) and the tool-point force.  Thus, the load ratio is defined as

(5.34) η τ
τ τload

i
z
dyn

i
z
dyn i

z
Fee=

+( )+1
.

This ratio is then used to solve for the unknown local dynamic load,

(5.35) i
z
dyn

load
i

z
dyn i

z
Fee

τ η τ τ= +( )+1 .

Then, the local mass is found as a function of the local dynamic loading,

acceleration, and velocity,

(5.36) m fi
i

z
dyn

i i= ( )τ ξ ξ, , ˙ .

The torque capacity for the joint is found simultaneously as the sum of the

referred and local dynamic torques,

(5.37) i
z
tot i

z
F i

z
dyn i

z
dynee

τ τ τ τ= + + +1 .

Note that i
z
dyn+1τ  is the total dynamic and gravitational loading experienced by the

adjacent distal joint, but referenced to frame i.  For joint n, i
z
dyn+ =1 0τ .
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Norms: 2, ∞
EE-Joint Axes
CM-Joint Axes
Link Velocities
Link Accelerations

User Constraints:
EE Force Bound
Load Ratio

Total Load Capacity
Distributions

Mass
Distributions

Do For i=n to i=1

i
z
dyn

load
i

z
dyn i

z
Fee

τ η τ τ= +( )+1

i
z
tot i

z
F i

z
dyn i

z
dynee

τ τ τ τ= + + +1m fi
i

z
dyn

i i= ( )τ ξ ξ, , ˙

Figure 5.4:  Determination of mass and total loading distributions.

5.4.4  Elasticity

Elasticity is highly dependent upon geometry, materials, mass, and

loading.  However, all methodologies considered herein are first-order only.

Therefore, no assumptions about geometry or material properties will be made,

and elastic design variables will consist only of the 6 principal compliances.



61

Considering only kinematics and joint loading, the first elastic design

methodology is investigated.  (See Figure 5.5.)  This methodology depends upon

calculation of the tool-point to link axes distance norms and a user-defined tool-

point elastic deflection limit.  (This method can be used with joint referenced tool-

point loading or total joint loading.)  This methodology assumes that tool-point

elastic deflections should be distributed identically to that of sensor accuracies.

Thus, the expected local deflection of each joint is calculated, and, since joint

loading is known, the compliances can be determined.  Given that δφi
elas 's are

found in an identical manner to that for accuracy design from

(5.38) i ee
i
elas

i

n
elasd EEδφ

=
∑ =

1

∆ ,

then

(5.39) ci
i
elas

i Fee= δφ
τ

 or

(5.40) ci
i
elas

i total
= δφ

τ
,

where ci  represents the compliance about the torque axis.

Considering total joint loading and the calculated mass of each link, a

second methodology is proposed.  (See Figure 5.6.)  This method assumes that

mass design and an expected total loading analysis have been performed, and that

all joint axis to tool-point distance norms are known.  As in previous methods, a

user specified tool-point upper-bound deflection goal is assumed.  This method is

centered around the requirement of a uniform elastic energy to mass ratio per link.
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First, the uniform energy per unit mass ratio required to achieve the deflection

goal is determined,

Load Capacity
Distributions (Fee)

Load Capacity
Distributions (Total)

or
Deflection
Distributions

Norms: 2, ∞
EE-Joint Axes

Compliance
Distributions

User Constraints:
Deflection Upper Bound

ci
i
elas

i
= δφ

τ

Figure 5.5:  Compliance distribution based upon local deflection distribution.
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 , where



63

(5.43) ηe m/ =  
Energy
Mass

= the energy stored per unit mass.
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Figure 5.6:  Uniform energy per unit mass based compliance distributions.

Then, the compliances necessary to achieve this derived ratio are calculated,

(5.44) c
m

i
e m i

i total
=

( )
2

2

η
τ

/ .

This approach attempts to distribute the elastic energy equally throughout the

system according to mass content.
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5.5  DISTRIBUTIONS AND INTUITION

Contrary to intuition, norms of geometric moments do not follow a

monotonic trend along the kinematic chain.  For example, i
z
eed−1  is not

necessarily greater than, or less than i
z
eed .  (For a numerical example, see Table

7.1.)  This phenomenon is explained by the fact that the norms of interest

represent distances from points to lines, not from points to points.  Lines have

infinite extent.  Thus, while the distance from the tool-point to the origin of the

first joint frame may be quite large, the distance from the tool-point to the first

actuator axis may be quite small.  The introduction of configuration space limits

(position, velocity, and acceleration) further strengthens this point.  A specific set

of joint limits can completely change the relative trends of all norms involving

geometric moments.  Since virtually all properties of interest in a manipulator

rely, at least to some degree, upon distances from points to lines (§5.3.2), one may

correctly predict that, in general, mechanical properties will not be distributed in

a monotonic fashion along the kinematic chain.  For this reason, one must resist

the temptation to artificially 'fit' an analytic function to distributions of

mechanical properties.


